Global existence and optimal L2 decay rate for the strong solutions to the compressible fluid models of Korteweg type  by Tan, Zhong et al.
J. Math. Anal. Appl. 390 (2012) 181–187Contents lists available at SciVerse ScienceDirect
Journal of Mathematical Analysis and
Applications
www.elsevier.com/locate/jmaa
Global existence and optimal L2 decay rate for the strong solutions to the
compressible ﬂuid models of Korteweg type✩
Zhong Tan a, Huaqiao Wang a,∗, Jiankai Xu b
a School of Mathematical Sciences, Xiamen University, Xiamen, 361005, China
b College of Sciences, Hunan Agriculture University, Hunan, 410128, China
a r t i c l e i n f o a b s t r a c t
Article history:
Received 5 October 2011
Available online 20 January 2012
Submitted by D. Wang
Keywords:
Compressible Navier–Stokes–Korteweg
system
Strong solution
Optimal decay rates
Energy estimates
In this paper, we consider the compressible Navier–Stokes–Korteweg system that models
the motions of the compressible isothermal viscous capillary ﬂuids. We prove the global
existence of a strong solution to the compressible Navier–Stokes–Korteweg system when
the initial perturbation ‖ρ0 − ρ¯‖H2 + ‖u0‖H1 is small. Furthermore, if the L1 norm of the
initial perturbation is ﬁnite, we can obtain the optimal L2 decay rates.
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1. Introduction
In the paper we consider the compressible Navier–Stokes–Korteweg system for (x, t) ∈R3 ×R+
ρt + div(ρu) = 0, (1.1)
(ρu)t + div(ρu ⊗ u) + ∇p(ρ) − μu − ν∇ divu = κρ∇ρ, (1.2)
which governs the motions of the compressible isothermal viscous capillary ﬂuids, where ρ , u represent the density, velocity
of the ﬂuid respectively and p = p(ρ) is the pressure satisfying p′(ρ) > 0 for ρ > 0. The constants μ > 0, ν  0 are the
viscosity coeﬃcients and κ > 0 is the capillary coeﬃcient. We supplement the system by the initial data
ρ|t=0 = ρ0, u|t=0 = u0. (1.3)
The formulation of the theory of capillarity with diffuse interfaces was ﬁrst introduced by Korteweg [1], and derived
rigorously by Dunn and Serrin [2]. Recently, there are some mathematical theory concerning the existence of solutions
to the compressible Navier–Stokes–Korteweg system. The global existence of weak solutions was obtained by Haspot and
Bresch et al. [3,4]. Danchin, Desjardins [5] established the existence of solutions in the critical Besov spaces. We refer to [6]
for the local existence of strong solutions and [7,8] for the existence of classical solutions. In particular, by using the method
in [9], Hattori and Li in [8] proved the global existence of the solutions to the system (1.1)–(1.3) when ‖ρ0− ρ¯‖Hs+1 +‖u0‖Hs
is small with s  3. Y.J. Wang and Z. Tan proved the optimal Lp , p > 2 and the optimal L2 decay rate of the solutions and
also their spatial derivatives in [10]. However, up to our best knowledge, all the previous decay rates were proved for the
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decay rates for the strong solutions to the Cauchy problem (1.1)–(1.3) in the ‖ρ0 − ρ¯‖H2 and ‖u0‖H1 framework. Main
results of this paper are stated as the following theorem.
Theorem 1.1. Let ρ¯ be a positive constant, there exists a constant δ0 such that if
‖ρ0 − ρ¯‖H2 + ‖u0‖H1  δ0, (1.4)
then there exists a unique global solution (ρ,u) of the Cauchy problem (1.1)–(1.3) satisfying
∥∥(ρ − ρ¯)(t)∥∥2H2 + ‖u‖2H1 +
t∫
0
∥∥∇ρ(s)∥∥2H2 + ∥∥∇u(s)∥∥2H1 ds C(‖ρ0 − ρ¯‖2H2 + ‖u0‖2H1). (1.5)
If further, (ρ0 − ρ¯,u0) ∈ L1 , then
‖ρ − ρ¯‖H2 + ‖u‖H1  C0(1+ t)−
3
4 , (1.6)∥∥(ρ − ρ¯,u)(t)∥∥L2  C0(1+ t)− 34 . (1.7)
As is well known, for the compressible Navier–Stokes equations, i.e., κ = 0, many important progresses have been made
on the convergence rates of solutions, see [11–20] and the reference therein for instance. Among them, when there is no
force, Matsumura and Nishida obtained the optimal L2 convergence rate for the compressible viscous and heat conductive
ﬂuid in R3 in [21]∥∥(ρ − ρ¯,u, θ − θ¯ )(t)∥∥L2  C0(1+ t)− 34 , t  0,
if the small initial disturbance belongs to H3 ∩ L1, Ponce in [22] gave the optimal Lp convergence rate
∥∥∇k(ρ − ρ¯,u, θ − θ¯ )(t)∥∥L2  C0(1+ t)− 32 (1− 1p )− k2 , t  0,
for 2  p ∞ and 0  k  2 if the small initial disturbance belongs to Hs ∩ Ws,1 with suﬃcient large integer s. The
optimal Lp , 1  p < 2 convergence rates were also obtained by using the Green function in [10,16,18]. When an external
potential force is existing, the optimal Lp , 2  p < 6 decay rate of the solutions and the optimal L2 decay rate of the
ﬁrst-order derivatives were obtained in a series of papers [13,14,20]. When there is a self-consist electric potential force,
i.e., for the compressible Navier–Stokes–Poisson equations, recently, H.-L. Li et al. proved the global existence and optimal
decay rates of the solutions in [23]. It was shown that the rotating effect of electric ﬁeld makes the momentum of the
compressible Navier–Stokes–Poisson equations decay at a slower rate. Finally, the long time-decay rate of global solutions
for half space and exterior domain or the general external force were obtained, we refer to the papers [11,12,15,17,19,24]
for instance.
The rest of this paper is devoted to prove Theorem 1.1. We brieﬂy introduce the strategy of the proof. In Section 2, it
suﬃces to derive (1.5), then the global existence will follow in a standard way as in [9] by the local existence, a priori
estimates and the continuity argument. Finally, we use the energy estimates to deduce the Lyapunov-type energy inequality,
then combining it with Lemma 2.4 to prove (1.6) and (1.7).
In this paper, Lp , Hs denote the Lp and Sobolev spaces on R3, with norms ‖.‖Lp and ‖.‖Hs respectively. We also use C
to denote the constants depending only on the physical coeﬃcients but may vary and denote C0 to be constants depending
additionally on the initial data.
2. Proof of Theorem 1.1
We prove Theorem 1.1 in this section. Since the local strong solutions can be proven by the standard method in [6,9]
whose details we omit, global solutions will follow in standard continuity argument after we establish (1.5). Therefore, we
assume a priori that∥∥(ρ − ρ¯)(t)∥∥H2 + ‖u‖H1  δ 
 1. (2.1)
This together with Sobolev’s inequality implies in particular that
ρ¯
2
 ρ  2ρ¯. (2.2)
This will be kept in mind in the rest of the rest of this paper.
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1
2
d
dt
∫
R3
ρ|u|2 + 2G(ρ) + κ |∇ρ|2 dx+
∫
R3
μ|∇u|2 + ν|divu|2 dx = 0, (2.3)
where the relative potential energy G(ρ) is deﬁned by
G(ρ) = ρ
ρ∫
ρ¯
p(s) − p(ρ¯)
s2
ds.
Then we have G ′(ρ¯) = 0, G ′′(ρ¯) > 0 and hence in the neighborhood of ρ¯ , we have
C−1|ρ − ρ¯|2  G(ρ) C |ρ − ρ¯|2. (2.4)
To apply the decay estimates of linear equations to derive the energy estimates for the spatial derivatives of solutions,
we reformulate the nonlinear problem (1.1)–(1.3) as
t + ρ¯ divu = f , (2.5)
ut − μ¯u − ν¯∇ divu + p
′(ρ¯)
ρ¯
∇ − κ¯∇ = g, (2.6)
|t=0 = 0 = ρ0 − ρ¯, u|t=0 = u0, (2.7)
where  = ρ − ρ¯ , μ¯ = μρ¯ , ν¯ = νρ¯ , κ¯ = κρ¯ and
f = − divu − u · ∇, (2.8)
g = −u · ∇u − 
 + ρ¯ (μu + ν∇ divu) −
[
p′( + ρ¯)
 + ρ¯ −
p′(ρ¯)
ρ¯
]
∇. (2.9)
For later we estimate the norm of f , g by (2.1), (2.2), together with Sobolev’s inequality and Hölder’s inequality, we can
easily deduce that
‖ f ‖L1 
(‖‖L2‖divu‖L2 + ‖u‖L2‖∇‖L2) Cδ∥∥(∇u,∇)∥∥L2 , (2.10)
‖g‖L1  C
(‖u‖L2‖∇u‖L2 + ‖‖L2∥∥∇2u∥∥L2 + ‖‖L2‖∇‖L2) Cδ∥∥(∇u,∇2u,∇)∥∥L2 , (2.11)
‖ f ‖L2  C
(‖‖L∞‖divu‖L2 + ‖u‖L6‖∇‖L3) Cδ‖∇u‖L2 , (2.12)
‖g‖L2  C
(‖u‖L3‖∇u‖L6 + ‖‖L∞∥∥∇2u∥∥L2 + ‖‖L∞‖∇‖L2) Cδ∥∥(∇2u,∇)∥∥L2 . (2.13)
We denote (·,·) by the L2 inner product on R3 and rewrite the system (1.1)–(1.2) as follows
ρt + ∂x j
(
ρu j
)= 0, (2.14)
uit + u j∂x j ui + ∂xi h(ρ) − ρ−1
(
μui + ν∂xi divu
)− κ∂xiρ = 0, (2.15)
where we have used the Einstein’s summation convention, 1 i, j  3 and
h(ρ) =
ρ∫
ρ¯
p′(s)
s
ds.
We will establish the energy estimates for the ﬁrst-order derivatives.
Lemma 2.1. Under the assumptions of Theorem 1.1, we have
d
dt
E1(t) +
∥∥∇2ρ(t)∥∥2H1 + ∥∥∇2u(t)∥∥2L2  C(∥∥∇ρ(t)∥∥2L2 + ∥∥∇u(t)∥∥2L2), (2.16)
where the energy functional E1(t) is equivalent to ‖∇ρ(t)‖2H1 + ‖∇u(t)‖2L2 that is, there exists a constant C > 0 such that
C−1
(∥∥∇ρ(t)∥∥2H1 + ∥∥∇u(t)∥∥2L2) E1(t) C(∥∥∇ρ(t)∥∥2H1 + ∥∥∇u(t)∥∥2L2). (2.17)
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ρ∇(uit + u j∂x j ui),∇ui)+ (ρ∇∂xi h(ρ),∇ui)− (ρ∇[ρ−1(μui + ν∂xi divu)],∇ui)− κ(ρ∇∂xiρ,∇ui)
≡ I1 + I2 + I3 + I4 = 0. (2.18)
Integrating by parts and using the continuity equation (2.14), and by (2.2), we will estimate these four terms above-
mentioned, respectively
I1 =
(
ρ,
1
2
∂t
∣∣∇ui∣∣2)−(∂x j (ρu j), 12
∣∣∇ui∣∣2)+ (ρ∇u j∂x j ui,∇ui)
 1
2
d
dt
∫
R3
ρ|∇u|2 dx− ‖‖L∞
∥∥∇u j∥∥L2∥∥∂x j ui∥∥L3∥∥∇ui∥∥L6  12 ddt
∫
R3
ρ|∇u|2 dx− Cδ∥∥∇2u∥∥2L2 , (2.19)
I2 =
(∇∂xi h(ρ),∇(ρui))− (∇∂xi h(ρ),∇ρui)= (∇h(ρ),∇ρt)+ (∇h(ρ), ∂xi (∇ρui))
=
(
h′(ρ), 1
2
∂t |∇ρ|2
)
+ (∇h(ρ), ∂xi (∇ρui)) 12 ddt
∫
R3
h′(ρ)|∇ρ|2 dx− Cδ‖∇ρ‖2H1 , (2.20)
I3 = −
(∇(μui + ν∂xi divu),∇ui)− (ρ∇(ρ−1)(μui + ν∂xi divu),∇ui)
μ
∥∥∇2ui∥∥2L2 − Cδ(‖∇ρ‖2L2 + ‖∇u‖2L2), (2.21)
I4 = κ
(∇ρ,∇∂xi (ρui))− κ(∇ρ,∂xi (∇ρui)) κ2 ddt
∫
R3
∣∣∇2ρ∣∣2 dx− Cδ‖∇ρ‖2H2 . (2.22)
Summing up (2.18)–(2.22), we have
1
2
d
dt
∫
R3
(
ρ|∇u|2 + h′(ρ)|∇ρ|2 + κ∣∣∇2ρ∣∣2)dx+ μ∥∥∇2u∥∥2L2  Cδ(‖∇ρ‖2H2 + ‖∇u‖2L2). (2.23)
Now applying the operator ρ∇ again to (2.15) and then taking the L2 inner product with ∇∂xiρ , we have(
ρ∇uit,∇∂xiρ
)+ (ρ∇(u j∂x j ui),∇∂xiρ)+ (ρ∇∂xi h(ρ),∇∂xiρ)− (ρ∇[ρ−1(μui + ν∂xi divu)],∇∂xiρ)
− κ(ρ∇∂xiρ,∇∂xiρ) ≡ J1 + J2 + J3 + J4 + J5 = 0. (2.24)
The ﬁrst term J1 can be estimated as
J1 = d
dt
(
ρ∇ui,∇∂xiρ
)− (∇ui,ρt∇∂xiρ)+ (∂xi (ρ∇ui),∇ρt)
= d
dt
(
ρ∇ui,∇∂xiρ
)+ (∇ui, ∂xi (ρui)∇∂xiρ)− (∂xi (ρ∇ui),∇(∂xi (ρui)))
 d
dt
∫
R3
ρ∇ui∇∂xiρ dx− Cδ‖∇ρ‖2H1 − Cδ‖∇u‖2H1 . (2.25)
The other terms J2– J5 can be estimated as follows
J2 −Cδ
(‖∇ρ‖2H1 + ‖∇u‖2H1), (2.26)
J3 =
(
ρh′(ρ)∇∂xiρ,∇∂xiρ
)+ (ρh′′(ρ)∇ρ∂xiρ,∇∂xiρ) C‖∇∂xiρ‖2L2 − Cδ‖∇ρ‖2H1 , (2.27)
J4 =
(
ρ−1
(
μui + ν∂xi divu
)
,∇(ρ∇∂xiρ)
)
−Cδ∥∥∇2ui∥∥2L2 − Cδ‖∇ρ‖2H2 , (2.28)
J5 = κ
(∇2∂xiρ,∇(ρ∇∂xiρ))−Cδ∥∥∇2∂xiρ∥∥2L2 − Cδ∥∥∇2ρ∥∥2L2 . (2.29)
Summing up (2.24)–(2.29), we obtain
d
dt
∫
3
ρ∇ui∇∂xiρ dx+ C
∥∥∇2ρ∥∥2H1  Cδ(‖∇u‖2H1 + ‖∇ρ‖2L2). (2.30)R
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 and adding it with (2.23), by the smallness of δ, we deduce that
d
dt
∫
R3
1
2
(
ρ|∇u|2 + h′(ρ)|∇ρ|2 + κ∣∣∇2ρ∣∣2 + 2
ρ∇ui∇∂xiρ)dx+ C
(∥∥∇2u∥∥2L2 + ∥∥∇2ρ∥∥2H1)
 Cδ
(‖∇u‖2L2 + ‖∇ρ‖2L2). (2.31)
We conclude our lemma by deﬁning E1(t) to be the C−1
 times the integral in (2.31) since 
 is small. 
Lemma 2.2. Under the assumption (2.1), we have
d
dt
∫
R3
u · ∇ dx+ C |∇|2L2  C
∥∥(∇u,∇2u)∥∥2L2 . (2.32)
Proof. Multiplying the momentum equations (2.6) by ∇, by Cauchy’s inequality, we get
p′(ρ¯)
2ρ¯2
∫
R3
|∇|2 dx−
∫
R3
ut · ∇ dx+ C
∥∥∇2u∥∥2L2 + ‖g‖2L2 . (2.33)
But we can estimate the ﬁrst term involving the time-derivative in the right-hand side of (2.33), by integrating by parts and
Eq. (2.5), we obtain
−
∫
R3
ut · ∇ dx = − d
dt
∫
R3
u · ∇ dx−
∫
R3
divut dx− d
dt
∫
R3
u · ∇ dx+ C‖∇u‖L2
(‖∇u‖L2 + ‖u‖L6‖∇‖L3)
− d
dt
∫
R3
u · ∇ dx+ C‖∇u‖2L2 . (2.34)
Substituting (2.34), (2.13) into (2.33), we can get (2.32). 
Now we turn our attention to show (1.5). Multiplying (2.32) by
√
δ (with δ be small enough if necessary ) and adding
them with (2.3), (2.31), we obtain
1
2
d
dt
∫
R3
ρ|u|2 + ρ|∇u|2 + 2G(ρ) + κ |∇ρ|2 + κ∣∣∇2ρ∣∣2 + 2
ρ∇ui∇∂xiρ + 2√δu · ∇ dx
+ C∥∥(∇u,∇2u)∥∥2L2 + C
∥∥∇2ρ∥∥2H1 + C√δ‖∇‖2L2  0. (2.35)
Due to (2.2), (2.4) and the smallness of δ, we deﬁne E(t) to the expression under ddt in (2.35), then E(t) is equivalent to
‖‖2
H2
+ ‖u‖2
H1
. Hence, integrating (2.35) in time, we obtain (1.5).
Adding ‖‖2
L2
+ ‖u‖2
L2
to both sides of (2.35), we deduce that for some constant α > 0,
d
dt
E(t) + αE(t) C∥∥(,u)(t)∥∥2L2 . (2.36)
Deﬁne temporarily,
M(t) = sup
0st
(1+ s) 32 E(s), (2.37)
then
‖‖2H2 + ‖u‖2H1  C
√
E(s) C(1+ s)− 34√M(t), 0 s t. (2.38)
To get the estimate (2.36) we will obtain the time-decay estimate for ‖(,u)(t)‖L2 by using the linear decay estimates. For
this we rewrite the solution of the system (2.5)–(2.6) as
U (t) = S(t)U0 +
t∫
S(t − s)F (U (s))ds, (2.39)0
186 Z. Tan et al. / J. Math. Anal. Appl. 390 (2012) 181–187where U = (,u)t , U0 = (0,u0)t , F = ( f , g)t and S(t) is the solution semigroup deﬁned by S(t) = e−t A , with the differen-
tial operator A given by
A =
(
ρ¯ div 0
−μ¯ − ν¯∇ div p′(ρ¯)ρ¯ ∇ − κ¯∇
)
.
It is well known that the semigroup S(t) has the following time-decay properties, see [10].
Lemma 2.3. Let s  0 be an integer. Assume that (,u) is the solutions of the linearized Navier–Stokes–Korteweg system (2.5)–(2.6)
when f , g = 0 with the initial data 0 ∈ Hs+1 ∩ L1 and u0 ∈ Hs ∩ L1 , then∥∥(t)∥∥L2  C(1+ t)− 34 (∥∥(0,u0)∥∥L1 + ∥∥(0,u0)∥∥L2), (2.40)∥∥∇k+1(t)∥∥L2  C(1+ t)− 34− k+12 (∥∥(0,u0)∥∥L1 + ∥∥(∇k+10,∇ku0)∥∥L2), (2.41)∥∥∇ku(t)∥∥L2  C(1+ t)− 34− k2 (∥∥(0,u0)∥∥L1 + ∥∥(∇k+10,∇ku0)∥∥L2), (2.42)
for 0 k s.
It is worth to mention here that we will use the fact (see [25])
‖h‖L∞  ‖∇h‖H1 , ∀h ∈ H2. (2.43)
We also need the following elementary inequality:
Lemma 2.4. Let r1, r2 > 0, then it holds that
t∫
0
(1+ t − s)−r1(1+ s)−r2  C(r1, r2)(1+ t)−min{r1+r2−1−
}, (2.44)
for an arbitrarily small 
 > 0.
Lemma 2.5. Setting K0 = ‖0‖H2 + ‖u0‖H1 + ‖(0,u0)‖L1 , then∥∥(,u)(t)∥∥L2  C(1+ t)− 34 (K0 + δ0√M(t)). (2.45)
Proof. Applying (2.40) and (2.42) with k = 0 in Lemma 2.3 to the integral formulation (2.38) again, by (1.5), (2.10)–(2.13),
(2.43), (2.44) and Hölder’s inequality, we have∥∥(,u)(t)∥∥L2  C(1+ t)− 34 (∥∥(0,u0)∥∥L1 + ‖0‖H1 + ‖u0‖L2)
+ C
t∫
0
(1+ t − s)− 34 (∥∥( f , g)(s)∥∥L1 + ∥∥ f (s)∥∥H1 + ∥∥g(s)∥∥L2)
 CK0(1+ t)− 34 + Cδ0
t∫
0
(1+ t − s)− 34 (1+ s)− 34√M(t)ds
+ C
t∫
0
(1+ t − s)− 34 (1+ s)− 34√M(t)‖∇u‖H1 ds
 C(1+ t)− 34 (K0 + δ0√M(t))+ C√M(t)
t∫
0
(1+ t − s)− 34 (1+ s)− 34 ‖∇u‖H1 ds
 C(1+ t)− 34 (K0 + δ0√M(t))+ C√M(t)
( t∫
0
(1+ t − s)− 32 (1+ s)− 32 ds
) 1
2
( t∫
0
‖∇u‖2H1 ds
) 1
2
 C(1+ t)− 34 (K0 + δ0√M(t)). (2.46)
The proof of Lemma 2.5 is completed. 
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E(t) E(0)e−αt + C
t∫
0
e−α(t−s)
∥∥(s),u(s)∥∥2L2 ds E(0)e−αt + C
t∫
0
e−α(t−s)(1+ s)− 32 (K 20 + δ20M(t))ds
 C(1+ t)− 32 (E(0) + K 20 + δ20M(t)). (2.47)
In view of M(t), we have
M(t) C
(
E(0) + K 20 + δ20M(t)
)
, (2.48)
which implies that if δ0 is small enough, then
M(t) C
(
E(0) + K 20
)
 CK 20 . (2.49)
This gives
‖‖H2 + ‖u‖H1  C0(1+ t)−
3
4 . (2.50)
Meanwhile, applying (2.49) to (2.46), we obtain∥∥(,u)(t)∥∥L2  C(1+ t)− 34 (K0 + δ0√M(t) ) CK0(1+ t)− 34 + CK0δ0(1+ t)− 34  C0(1+ t)− 34 . (2.51)
This proves (1.7). Therefore the proof of Theorem 1.1 is completed. 
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